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ON THE REAL AUTOMOEPHIC LINEAR TRANSFOR- 
MATION OF A REAL BILINEAR FORM. 

Br Henry Tabeb. 

Presented October 14, 1903. Received October 22, 1903. 
II. 

Let 

JF = (A $ x ly x 2 , . . . x n § y u y 2 , . . . y n ) 

denote a bilinear form 2" 2? a n x r y, of non-zero determinant. Let 

i i 
the x's and y's be transformed respectively by the linear homogeneous 

transformations if and T u so that 

(*i'i xj, • • • xj) = (y(S *i, *» • • • *«) , 

0/, y»', • • • yj) = (3"i ^ *i, x 2 , • • • *n) • 

It will be assumed as the result of these substitutions that JF is trans- 
formed automorphically, so that 

(A jj xj, xj, . . . xj) — (A§ x u x 2 , . . . *:„) , 

for which the necessary and sufficient condition is 

f x A T= A* 

I shall denote the family of transformations T of the x's by 

1st, T', when the x's and y's are contragredient, in which case we have 

71=3"*; 
2d, by T", when the respective transformations of the x's and of the 

y's are conjugate, so that T x = T; 

3d, by r'", when the product of the respective transformations of the 

x's and of the y's is the identical transformation, so that T x = T~ x . 

The conditions necessary and sufficient that T shall be a transformation 

of r', T", or r"', respectively, are then 

* Cayley : Phil. Trans., 1858. Throughout this paper T will denote the trans- 
verse or conjugate of the linear transformation T. 
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(1) T-^A T=A, 

(2) TA T=A, 

(3) T-^A T=A. 

The transformations of T' constitute a group, as do also the transfor- 
mations of T'" ; the transformations of r" that are commutative form a 
group. 

In a paper entitled " Note on the Automorphic Linear Transforma- 
tion of a Bilinear Form,"* I have shown that each transformation 
T of the family r' belongs to a group with a single parameter of 
transformations of V, and can thus be generated by an infinitesimal 
transformation of V ; and that a similar theorem holds for the family 
r'". But on the other hand, for certain forms jF, that T" contains 
transformations (of determinant +1 as well as of determinant — 1) 
that cannot be generated by an infinitesimal transformation of r".f 
In this paper I consider only real forms J, and only real transfor- 
mations of the variables x and y. Thus in what follows the matrix 
A and the families V, T", V" of transformations T will be assumed to 
be real. And with this restriction to real forms and families of real 
transformations I show severally that each of the families I 7 , r", I""', 
for certain forms jF, contains transformations (of positive as well as of 
negative determinant) that cannot be generated by infinitesimal trans- 
formations of that family. % A transformation of either of the families 
r which is the second power of a transformation of that family I term 
a transformation of the first kind, otherwise a transformation of the 
second kind ; and, for each of the families T, I show that every transfor- 
mation of the first kind, but no transformation of the second kind, can 
be generated by an infinitesimal transformation of that family. I also 
show that a transformation of either of the families T is a transforma- 
tion of the first kind when no negative number is a root of the charac- 

* These Proceedings, 31, 181. 

t If T is a transformation of V", then | T\ 2 = 1. That T" shall contain trans- 
formations of the type mentioned and of determinant +1, it is sufficient that two 
of the real roots of the characteristic equation of JF shall be of opposite sign and 
equal in absolute value. 

% In order that V, T", X"' shall severally contain transformations of the type 
mentioned, it is sufficient for I" that the real roots of the characteristic equation 
of A shall not all be distinct ; for T", that the ratio of two of the real roots of this 
equation shall be equal to — 1; and for r"", that the ratio of two of the real 
roots of the equation shall be negative. 
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teristic equation of the transformation.* Finally, I show that each 
transformation of the second kind of either of the families r is the 
(2m + 1)'* power of a transformation of that family for any odd ex- 
ponent 2w+l. 

The theorems given above depend upon considerations relating to the 
exponential function 

e»=l + tf + _ + _ r+ ... 

of the matrix or linear substitution U. This series is convergent for 
any finite matrix. We have 

(e V = e~\ 

(P) = e s ; 

and, if Hi and U 2 are commutative, 



in particular, for any integer m , 

( e v)"> = e mu . 

For any linear substitution T of non-zero determinant a polynomial 
U= S" p e p T can be found such that T = e u . Let &, &, . . . £„, re- 
spectively of multiplicity p lt /* 2 , . . . /x y , be the distinct roots of the 
characteristic equation of T; let, moreover, 

(i, h = 1, 2, . . . v ^ £ *) 

F t (T) = G t m (T) . . . Gf l) (T) Gf"> (T) . . . £,- w (7); 

(i = l,2, . . . y) 

and let 

f(T) = S\ [ log & + 2m,. -/=! + i_ ( y_ &) _ _L ( T -Q 2 

where m 1( m 2 , etc., are integers. Then 

T=e m . 
* The determinant of a transformation of the first kind is positive. 
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Moreover, if <f> ( T) is any polynomial in T, we have 



ht-*)=z i +&~i )+( T i - L) mf^ + ± T -^ 9 -*^ 



% 2! % a 



. (T- Q ^- 1 9' 
t • • • t 



g^-1 j «V ^ 



(ft- 1)1 

In particular, if £ t = ± 1 , 

F k (T-i) = F k (T) ; 
and if £ t ^ ± 1, and f t = 4" 1 has the same multiplicity as &, then 

F k , (T-i) = F k (T) . 

We have now the following theorems : 

I. If *7is real and T= e uV=i is also real, then T 2 = 1 * 

II. If T is real and no negative number is a root of the characteristic 
equation of T, there is a real polynomial f(T) satisfying the condition 
T=e AT) f 

III. If Tis real and each negative root other than —1 of the char- 
acteristic equation of T is paired with its inverse, there is a polynomial 
f(T) satisfying the equation T= e fm and such that/(r) — /(T- 1 ) is 
real.f 

* For if T = eW^ is real, then 

2/^1 (V-^T + ^J- ■ ■ ■) = e^ = i-e-f^=i=T-T- 1 

is real. Therefore, if U is real, T - T~ l = ; that is T* = 1. 

t If T is real, each imaginary root of the characteristic equation of T is paired 
with its conjugate imaginary. Therefore, if this equation has no negative root, 
f( T) may be taken real by a proper choice of m lt m 2 , etc. 

If the distinct negative roots of the characteristic equation are 

ft. ^+1 = $-*(«"= I.* ••• "0 
and iTjxM-l = — 1. and moreover (for t = 1, 2, . . . v) (. and (— i have the same 
multiplicity, then, for a proper choice of mj, m 2 , etc., the imaginary part of the 
polynomial/(7') is 

n V=l xf{F t iT) + F v , + i (T)) + n V=lF 2r , + 1 (T); 

and, since now 

F t (T~ 1 ) = F v , +i ( T), F r , +i ( T- 1 ) = F { ( T), 
(i = 1, 2, . . . /) 
F2„> + i(r- 1 )=Fw +1 (T), 
therefore/(r) -/(2 7-1 ) will be real. 
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IV. If T is real and each negative root of the characteristic equation 
of Tis in absolute value less than unity, there is a real polynomial f (T) 
satisfying the equation 1 + T = e* (T) . 

Finally, from the identity, 

r in "'i e" = A e~ u A- 1 - Ae u =A e- u e u = A , 

we derive the theorems : 

V. If (/satisfies the equation 

(4) V=AUA~ l 

and T= e u ia real, in particular if U is real, then T'isa. transformation 
of r' * 

VI. If U satisfies the equation 

(5) U=-A UA-i 

and y= e^is real, in particular if Z7is real, then T is a transformation 
of r". 

VII. If U satisfies the equation 

(6) U=AVA~\ 

and T= e^is real, in particular if Z7is real, then 7MS a transformation 

ofr'». 

§2. T~ X AT=A. 

If £7 is real and satisfies the equation , 

(4) U= A UA~\ 

then, by Theorem V, every transformation of the group <£", with real 
parameter £, is a transformation of T'; in particular the infinitesimal 
transformation e s ^ u of this group is a transformation of r'. 

If the real infinitesimal transformation e^" = 1 + 8£ U is a transfor- 
mation of r', then first V is real ; moreover, 

A + 8£ (- UA + A U) = (1 - 8 { U) A (1 + 8 £ U) = e'^A e H ° = A , 

and therefore UA = AU, that is, U satisfies equation (4). Therefore, 
for any real scalar £, the transformation e in generated by e Siu is a trans- 
formation of r'. Whence it follows that every transformation generated 

* In this case the application of the above identity is unnecessary ; for UA = 
A U, and therefore T^A T= e~ v A e u = A e~ v e u = A. 
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by an infinitesimal transformation of T' is the m' h power for any expo- 
nent m of a transformation of T' ; in particular, every such transformation 
is the second power of a transformation of T', and is therefore of the first 
kind.* 

Conversely, every transformation of the first kind can be generated by 
an infinitesimal transformation of r'. For let T be any transformation 
of T', then 

(7) T= A TA-\ 



Let V&vA W\S — 1, respectively, be the real and imaginary parts of the 
polynomial U=f(T), satisfying the equation T = e u . Since J" is real, 
both J 7 and IF are polynomials in T, and therefore commutative. Let 

T x = e T , T = e^. 

Then since V, and therefore T x = e r , is real, and since 

T= e u = e y + w= i= e v e W:=i = T x T 

is also real, it follows that T = T^ 1 T is real; and therefore, by 
Theorem I, 

T 2 = (e w=r ) 2 = 1. 
Whence, 

T* = (T 1 T ) * = T* T * == T x \ 

But, since V= <f> (T) is a polynomial in T, we have by equation (7) 
V=<f>(T) = 4> {ATA-') = A <f> (T) A-* = A VA' 1 ; 

and therefore, since Vis real, e* F for any real scalar £, is generated by 
the infinitesimal transformation e sir of I 7 . In particular, 

T 2 = Tj* = (e T ) 2 = e ir 

is generated by the infinitesimal transformation e fr of T'. 

A transformation TofV is a transformation of the first kind if the 
characteristic equation of T has no negative root. For then, by Theorem 
II, there is a real polynomial U=f(T) satisfying the equation T=z e". 
In this case V= V, W=0; and U satisfies equation (4). Therefore, 
Tis the second power of the transformation ei"of V, and is generated 
by the infinitesimal transformation e Sitr of T'. 

* See p. 808. 
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The characteristic equation of a transformation of T' of the first kind 
may have negative roots. But in, such case the numbers belonging to 
each of the negative roots of this equation are all even ; and therefore, 
for each negative root of this equation, the elementary divisors (elementar 
Theiler) of the characteristic function corresponding to such root occur 
in pairs with equal exponent.* 

No transformation of I" with negative determinant is of the first kind. 
Let n = 2, and 

$ = (1, J8*i, z 2 Bft,ft) = (xiyi — x 2 y 2 ) + bx 2 y t . 

|o, if 

The form J is transformed automorphically if 

Oi', x t ') = T(x 1} ar 2 ) = (- 1, llSxi x 2 ), 
I 0, - if 

<*', ft') = ^ (mi > ft) = (- 1. <%i , ft). 

i-i,-ir 

We have I T\ = + 1, but T is a transformation of the second kind. 
Whence it follows, for any value of n, that there are forms $f such that F 
contains transformations of the second kind with positive determinant, f 

By definition no transformation of the second kind is an even power 
of a transformation of T 1 ; but every transformation ofT'of the second 
kind is the (2 m + l) th power, for any odd exponent 2 m + I, of a trans- 
formation of r'. Thus, let T be any transformation of T', and, as before, 
let Fand W be real polynomials in T satisfying the equation 

T ■=■ e r+w{r=1 . 

As shown above, for anyj-eal scalar £, e? r is a transformation of T' ; and, 
therefore, so also is e wv ~ x = Te~ y . Consequently 



* For the roots of the characteristic equation of T 2 are the squares of the roots 
of the characteristic equation of T; and, if jT is real, each imaginary root of the 
characteristic equation of T is paired with its conjugate imaginary. Compare 
These Proceedings, 31, 189. 

For the relation between the numbers belonging to the roots of the character- 
istic equation of a linear transformation Tand the exponents of the elementary 
divisors of the characteristic function of T, see Bull. Am. Math. Soc, 2d series. 
3, 156. 

t The condition, given on p. 308, sufficient that I" shall contain transformations 
of the second kind, is readily obtained. 
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e (v+WV=i _ e {r e w\/=I 

is a transformation of r'.* Moreover, 
and therefore, for any integer m, 

Whence we have 

_ i y 



§3. 7'^r=A 

If Z7 is real and satisfies the equation 
(5) U=-AUA~\ 

then, by Theorem VI, every transformation of the group e^ u , with real 
parameter f, is a transformation of r" : in particular, the infinitesimal 
transformation W of the group is a transformation of r". 

If the real infinitesimal transformation e^ v = l + 8£Z7isa transfor- 
mation of T", then first Cis real; moreover 

A + h£(UA + A U) = (1 + 8£ U) A{1 + 8£ U) = W AW = A ; 

and therefore U A + AW= W, that is, U satisfies equation (5). There- 
fore, for any real scalar £, the transformation e^ u generated by e^ u is a 
transformation of r". Whence it follows that every transformation gen- 
erated by an infinitesimal transformation of T" is the mth power for any 
exponent m, of a transformation of this family ; in particular, every such 
transformation is the second power of a transformation ofT", and is there- 
fore of the first kind. 

Conversely, every transformation of the first kind can be generated by 
an infinitesimal transformation of T". For let T be any transformation 
of T", then 

* Since the transformations of r' form a group, if T and T± are transformations 
ofl", so also is TT X . 
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T =AT~ 1 A-\ 

(8) 

T- 1 = ATA~ 1 ; 

and therefore each root, other than ± 1, of the characteristic equation of 
^is paired with its inverse, so that if ^ ^ =t 1 is a root of this equation, 
£,, = £j -1 is also a root, and the numbers belonging to £, and t^ (in par- 
ticular the multiplicity of these roots) are the same. Therefore, by 
Theorem III, there is a polynomial f(T) satisfying the equation 
T'=^ I '»andsuchthat/(7')-/(7 , - 1 )isreal. Let now 

2 U =f(T) +/(r-i), 2 U x =f(T) -f(T-i) ; 

and let 

T = e\ Tj, = c°i. 
We have by (8) 

= ef,T) gAT-h 
= e rn e fiJTA l ) 

_ qAt) gA/aw 1 

= «/!*>• A eft" A- 1 

= TAT-A- 1 = AA- 1 = 1. 
Therefore, 

T* = (T T x f = T* 7\ 2 = T x \ 

But, by equation (8), 

= i(f(A T^A-*) -f(A TA- 1 )) 

= $A(f(T->) -f(T)) A-^ = -A UU- 1 ; 

and therefore, since U x is real, it follows that &\ for any real scalar £, 
is generated by the infinitesimal transformation e s £ u >- of T". In partic- 
ular 

T 2 = T x * = (e v i) 2 = e 80 i 

is generated by e s t\ 

A transformation T of T" is of the first hind if the characteristic 
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equation of T has no negative root. For in this case, since I 1 + T\ zj: 0, 
we may put 

1 — T 

s= iTt'' 

whence we derive 
and by (8) 

(9) as A- 1 = 1 + A TA - X = 1 + T -i = YTi = ~ 5 " 

If fi> &> etc., are the roots of the characteristic equation of T, the 

1 — £. 
roots of the characteristic equation of S are -' for i = 1, 2, etc. ; 

■*■ i t* 
and since no negative number is a root of the characteristic equation of 
T, the real roots of the characteristic equation of S are in absolute value 
less than unity. Therefore, by Theorem IV, there is a real polynomial 
f (S) satisfying the equation 

1 + 3= e« s K 
From equation (9) we derive 

1- S=l + A SA- 1 = A(l + S) A- 1 = e* 3 *' 1 = e«^"'> = e*-« ; 
and therefore, if U= f (— S) — f(S), 

1 o 

T — = e* ,_s > e~ m = e^-'"-" 3 ' = e u . 

1 + S 

But, by equation (9), 

U= f (- S) - f (S) = i{A SA- 1 ) -{(-A SA- 1 ) 

= A(f (S) - f (- S)) A- x = -A UA- 1 ; 

and therefore, since U is real, e£ u , for any real scalar £, is a transformation 
of r". Consequently, T is the second power of a transformation el" of 
T", and is generated by the infinitesimal transformation e^ u of T". 

The characteristic equation of a transformation of the first kind may 
have negative roots. But in such case, the numbers belonging to each 
of these roots are all even.* 

• Cf. note, p. 813. 
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Every transformation of r" with negative determinant is of the second 
kind. Let n = 2, and let 

$ = > °^i > x $yi > #*)' = x i yi — *2 y 2 • 
lo, — ir 

The form J is transformed automorphically if 

(*i'> *%) = T(x x , x 2 ) = (— 1, lfa, * 2 ) 
1 0,-11 

(l/i', yJ) = T(y u y,) = (~ !» _ %i> *)■ 

We have I 7M = + 1, but T is a transformation of the second kind. 
Whence, for any value of n, it follows that there are forms J such that 
r" contains transformations of the second kind with determinant +1.* 
Again, the form 

$ = (0, o, b, d7Sx x ,x , x s , XiQyi, yn, yai yi) 

0, 0, 0, -b 



a, e, 
— a, 



0, 

o, 



= « (»iy 3 — xnyt) + b fay! — xiy 2 ) 

+ cx^y 3 + dx t y x 
is transformed automorphically by the transformation 

(-A 2 , 1, 0, ) 

0, -A 2 , 0, 
0, 0, -At 2 , Ar 
0, 0, 0, -A" 1 

of r" ; and T^s a transformation of the second kind if A rf: ± 1. 

By definition no transformation of the second kind is an even power 
of any transformation of r" ; but every transformation of the second kind 
is the (2 m + Vf h power, for any odd exponent 2 m +1, of a transforma- 
tion of T". Thus let T be any transformation of T"; and, as before, 
let f(T) be a polynomial satisfying the equation T= e" 2 " 1 , and such that 
f(T) -f(T- x ) is real. Then, as shown above, if 

2 U =f(T) +/(T- 1 ), 2 E/i =f(T) -f(T-i), 

* The condition, given in note on p. 308, as sufficient that Y" shall contain 
transformations, is readily proved. 
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& u \ for any real scalar £, is a transformation of T" ; and therefore 

e°o = T(T c i 

is a transformation of T". Whence it follows that 

e% + S u i = e u ° e£\ 

for any real scalar £, is a transformation of T".* Moreover, we have 

e™° - (e^) 2 = 1 ; 

and therefore for any integer m 

(e^) 2 ™* 1 = (e w o) m e u « = e\ 
Wherefore, 

T= e v «e u i = ( e ^)2«+i( e »^ r, )a»+i = ( e P'oe s »+ lC ' 1 ) 2 " 1 + 1 = (e rr o+^+ i ° i ) 2m + 1 . 

§4. T~ 1 AT=A. 

li Uia real and satisfies the equation 

(5) &== A UA~\ 

then, by Theorem VI, every transformation of the group e? v , with real 
parameter £, is a transformation of V". In particular, the infinitesimal 
transformation e ^ u of the group is a transformation of T'". 

If the real infinitesimal transformation e Siu = 1 + 8 £Z7is a transforma- 
tion of T'", then first U is real ; moreover, 

A + 8£(- UA + AV) = (1 - Sf U)A (1 + S£ET) = e^ 9 Ae KU =A, 

and therefore — UA+AU=0, that is, U satisfies equation (5). 
Therefore, for any real scalar £, the transformation e$ u generated by e Sio 
is a transformation of T"'. Whence it follows that every transformation 
generated by an infinitesimal transformation of T 1 " is the m' h power for 
any exponent m of a transformation of T 1 ". In particular, every such 
transformation is the second power of a transformation of T'", and is 
therefore of the first kind. 

* The transformations of V" that are commutative form a group. Thus, if T 
and TO-) are transformations of r" and TTW = TW T, then T TW is also a trans- 
formation of r". 
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Conversely, every transformation of the first kind can be generated by 
an infinitesimal transformation of V". For let T be any transforma- 
tion of r'", then 

(10) T=ATA~\ 

Let F"and W y/ — 1, respectively, be the real and imaginary parts of the 
polynomial U=f{T) satisfying the equation T=e v . Then, since T 
is real, both V and W are polynomials in T, and therefore commutative. 
Let 

T x = e r , T = e wV=i . 

Then since V, and therefore T x = e r , is real, and since 

T = e T+wV=i = e r e wVZ=l = T x T,, 

is also real, it follows that T = 7i _1 T is real ; and therefore, by 
Theorem I, 

T * = (e rV=i ) 2 =l. 
Wherefore, 

T i = {T 1 To) 1 = 7i 2 To 3 = T x \ 

But, since V= <j> (T) is a polynomial in T, we have by (10) 

V= $(?) = <!> (A TA- 1 ) = A<j>(T)A~ 1 = A VA' 1 ; 

and therefore, since Via real, e* r for any real scalar £ is generated by 
the infinitesimal transformation e s ^ F of r'". In particular, 

T 3 = Tj 2 = (e r ) a = e 2r 
is generated by e s ^ r . 

A transformation T of r"' is of the first kind if the characteristic 
equation of T has no negative root. For then, by Theorem II, there 
is a real polynomial U = / (T) satisfying the equation T = e a . In 
this case V— U, W = 0; and U satisfies equation (5). Therefore T 
is the second power of the transformation el" of T'", and is generated by 
the infinitesimal transformation e $ u of T'". 

The characteristic equation of a transformation of the second kind 
may have negative roots. But in such case the numbers belonging to 
the negative root of this equation are all even.* 

Every transformation of I""' with negative determinant is a transfor- 
mation of the second kind. Let n = 2, and let 

* Cf. p. 312. 
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J = (0, lfc,a;2^i) Vi) = (*iy 2 + * 2 #i) + bx 2 y 2 . 

The form Jf is transformed automorphically if 

(a*', x 2 ') = (^«i,a; 2 ) = (-1, %i, * 2 ) 

|0,-1| 

(*', 9 j) = ( f-%, *) = (-1 , -1 ly„ *) . 

I 0,-l| 

We have l^ = +1, but T is a transformation of the second kind. 
Whence it follows, for any value of n, that there are bilinear forms j)F 
such that r'" contains transformations of the second kind with positive 
determinant.* The form 

J = (—a 2 , 0§x u Xzfyu y 2 ) = —a 2 x x y x + x 2 y 2 
I 0, 1| 

is transformed automorphically if 

(x/, xj) = (TQx u x 2 ) = (-1 + a X, X §x u x 2 ), 

| — a 2 X, — l-aX| 

(y/» ytO = ( Z^Btfu Jfc) = (-1 - « X, -X 8y x , y 2 ) ; 

j a 2 X, -1 + aXf 

and y, of determinant +1, is a transformation of the second kind if X 

Every transformation V" of the second kind is the (2 m + 1)** power 
of a transformation of T"' for any odd exponent 2 m + 1. Thus let ^ 
be any transformation of T'". If Fand Ware real polynomials in T 
satisfying the equation T = e r+w ^~~ 1 , we may then show, precisely as 

for the similar theorem in the case of the family T' that e 2 " 8 " 1 " 1 is 

a transformation of V", and that 

Clark University, Worcester, Massachusetts. 

* For a sufficient condition that V" shall contain a transformation of the second 
kind see p. 308. 

t See p. 313. The family of transformations V" also constitute a group. 



